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A topological measure characterizing symmetry-protected topological phases in one-dimensional
open fermionic systems is proposed. It is built upon the kinematic approach to the geometric phase of
mixed states and facilitates the extension of the notion of topological phases from zero-temperature
to nonzero-temperature cases. In contrast to a previous finding that topological properties may not
survive above a certain critical temperature, we find that topological properties of open systems, in
the sense of the measure suggested here, can persist at any finite temperature and disappear only
in the mathematical limit of infinite temperature. Our result is illustrated with two paradigmatic
models of topological matter. The bulk topology at nonzero temperatures manifested as robust
mixed edge state populations is examined via two figures of merit.
Berry phase is a fundamental concept in quantum
physics, revealing a gauge field governing parallel trans-
port (originally for pure states) [1]. It was later realized
that the Berry phase of electronic wave functions has a
profound effect on topological properties of materials and
is responsible for a number of topological phenomena [2].
A seminal example is the integer quantum Hall effect,
which is related to the Berry phase for a contour enclos-
ing a two-dimensional Brillouin zone and determines the
quantized value of the Hall conductivity of filled bands
[3]. Besides the integer quantum Hall effect, several fas-
cinating discoveries in modern condensed-mater physics,
including topological insulators and topological super-
conductors [4, 5], are also deeply connected to the Berry
phase.
Any realistic quantum system at a nonzero tempera-
ture, however, inevitably interacts with its environment
and is described by mixed states rather than pure states.
This historically stimulated the development towards ex-
tending the Berry phase to the realm of mixed states.
Uhlmann was the first to address the issue of mixed-state
holonomy. He formulated a new parallel transport condi-
tion defining parallelity and holonomy for mixed states,
with which the Uhlmann phase was put forward [6–
8]. Another definition of the geometric phase for mixed
states is proposed by Tong et al., based on a kinematic
approach, without a priori assumption about the dynam-
ics of open systems [9]. In addition, there have been other
formulations of parallel transport conditions for mixed
states and several alternative but nonequivalent defini-
tions have been proposed accordingly [10–16].
Armed with the concept of geometric phase for mixed
states, it becomes possible to investigate the role of ther-
mal and dissipative effects in topological phases of mat-
ter. In particular, what is the impact of a nonzero tem-
perature on the topological characterization of an oth-
erwise topologically nontrivial system at zero tempera-
ture? This topic has received much attention recently
[17–32], with the Uhlmann phase used as the main tool.
∗ phygj@nus.edu.sg
Viyuela et al. introduced the Uhlmann phase as a topo-
logical measure for one-dimensional (1D) open fermionic
systems [19]. For physical models considered there, topo-
logical properties in the sense of their topological measure
were found to disappear above a certain critical tempera-
ture, at which a certain Uhlmann phase goes discontinu-
ously and abruptly to zero. Later on, similar results were
found in two-dimensional open fermionic systems, with
the aid of proper topological invariants constructed out
of the Uhlmann phase [20, 21]. Although much progress
has been made by use of the Uhlmann phase, it is just
the beginning to study thermal topological behavior with
respect to other legitimate definitions of mixed-state ge-
ometric phase. Indeed, to our best knowledge, attempts
were made only for the interferometric phase [10], and the
associated calculations for the Kitaev chain [33, 34] yield
results different from those obtained from the Uhlmann
phase approach. Despite the lack of extensive studies, the
existing results already indicate that the physical picture
of thermal topological phases of matter may not be fully
captured by the Uhlmann phase, and therefore, more ef-
forts concerning other definitions of mixed-state geomet-
ric phase are desirable.
In this paper, based on the kinematic approach to
the geometric phase for mixed states [9], we introduce a
topological measure to characterize symmetry-protected
topological phases in 1D open fermionic systems. It
places the temperature under equal footing with other
tuneable system parameters, thus providing a way for
extending the notion of topological phases to cases with
nonzero temperature. To reveal the physical implication
of our topological measure, we further introduce two fig-
ures of merit, which can measure the degree of the pres-
ence of mixed edge states. As examples, we use our topo-
logical measure to identify the bulk topological invariants
of two paradigmatic models of symmetry protected topo-
logical matter under arbitrary temperature. We also in-
vestigate the physical implication of the bulk topology
for robust mixed edge states with the aid of our figures
of merit. Although the derivation of our topological mea-
sure is relatively simple, it depicts an interesting physical
picture of thermal topological phases different from that
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2in the previous work [19].
To present our finding clearly, we need first to reca-
pitulate the kinematic approach to the geometric phase
for mixed states. Consider an open quantum system s
equipped with a N dimensional Hilbert space Hs. An
evolution of the state of s can be expressed as the path
P : t ∈ [0, τ ] 7→ ρ(t) =
N∑
j=1
pj(t)|φj(t)〉〈φj(t)|, (1)
where pj(t) and |φj(t)〉 are the eigenvalues and eigenvec-
tors of the density operator ρ(t), respectively. In order to
associate the path P with a geometric phase, the mixed
state in the path is lifted to a pure state by the standard
purification procedure,
|Φ(t)〉 =
N∑
j=1
√
pj(t)|φj(t)〉 ⊗ |aj〉, (2)
where an auxiliary quantum system a is introduced, and
|aj〉 denotes a fixed orthonormal basis of its Hilbert space
Ha. Note that there is redundancy in the expression (2),
because of the gauge degree of freedom in choosing states
|φj(t)〉. If all the nonzero pj(t) are non-degenerate during
the evolution, the redundancy in Eq. (2) can be removed
by imposing the following parallel transport condition on
|φj(t)〉,
〈φj(t)|∂t|φj(t)〉 = 0, j = 1, . . . , N. (3)
Under the condition of Eq. (3), the state |Φ(t)〉
experiences the Berry-Simon parallel transport, i.e.,
〈Φ(t)|∂t|Φ(t)〉 = 0 [1, 35]. The acquired relative phase
between |Φ(τ)〉 and |Φ(0)〉 is defined to be the geomet-
ric phase associated with the path P, namely, γ[P] :=
arg〈Φ(0)|Φ(τ)〉. Substituting Eq. (2) into this defining
expression yields
γ[P] = arg
 N∑
j=1
√
pj(0)pj(τ)〈φqj(0)|φqj(τ)〉
 , (4)
with |φqj(t)〉 satisfying Eq. (3). Here, to indicate the fact
that the eigenvectors undergo parallel transport, i.e., sat-
isfy Eq. (3), we use |φqj(t)〉 instead of |φj(t)〉 to represent
it. Moreover, a gauge-invariant expression for γ[P] reads
γ[P] = arg
 N∑
j=1
√
pj(0)pj(τ)〈φj(0)|φj(τ)〉e−
∫ τ
0
〈φj(t)|∂t|φj(t)〉dt
 , (5)
where |φj(t)〉 is not necessary to fulfill Eq. (3). The
invariance of Eq. (5) under gauge transformations
|φj(t)〉 7→ eiθj(t)|φj(t)〉, θj(t) real, can be checked
straightforwardly. In the case that some of the nonzero
pj(t) are degenerate, the path P may be rewritten as
P : t ∈ [0, τ ] 7→ ρ(t) =
K∑
j=1
nj∑
µ=1
pj(t)|φµj (t)〉〈φµj (t)|, (6)
where pj(t), j = 1, . . . ,K, are the eigenvalues of ρ(t) with
degeneracy nj , and |φµj (t)〉, µ = 1, . . . , nj , are the corre-
sponding degenerate eigenvectors. In this case, the par-
allel transport condition in Eq. (3) is no longer capable
of completely removing the redundancy in the standard
purification procedure. As a consequence, it should be
replaced by
〈φµj (t)|∂t|φνj (t)〉 = 0, µ, ν = 1, . . . , nj , (7)
while the remainder of the process of defining γ[P] is
unchanged.
With the above knowledge, we now move on to our
topic of introducing a topological measure for 1D open
fermionic systems.
For simplicity, we consider a two-band single-particle
model describing a topological insulator. Under periodic
boundary condition, the Hamiltonian of the model can
be generally expressed as
H =
∑
k
ψ†(k)H(k)ψ(k), (8)
where H(k) := d0(k) +
∑3
i=1 di(k)σi is the bulk
momentum-space Hamiltonian and ψ(k) := (ak, bk)t
stands for the spinor representation, with σi denoting
the Pauli matrices and ak, bk representing two species of
fermionic annihilation operators. Our discussion below
can be easily generalized to models of superconductors
by using the Nambu spinor [36] instead.
When a non-vanishing gap exists in the energy spec-
trum of H(k), the vector d(k) := (d1(k), d2(k), d3(k))
is non-zero for all k, and its normalized vector dˆ(k) :=
d(k)/|d(k)| defines a mapping from the Brillouin zone
into the unit sphere S2. This mapping is, however, topo-
logically trivial, as the first homotopy group of S2 is triv-
ial. Hence, symmetry is needed, in order to put further
constraints on dˆ(k) and induce a non-trivial topology.
For 1D fermionic systems, the symmetry needed is typi-
cally the chiral symmetry, i.e., a unitary matrix Γ satis-
fying Γ2 = 1 and ΓH(k)Γ = −H(k) [37–39].
Under the natural assumption of the system being in
thermodynamic equilibrium with a reservoir, its state is
given by the grand canonical ensemble, ρ = 1Z e
−β(H−µN),
where Z is the partition function, N the total number
3operator, µ the chemical potential, and β := 1kbT the
reciprocal of the temperature T , with kb being the Boltz-
mann’s constant. Here we have assumed that there are
no interactions when two or more particles are present
in the system. Note also that it is possible (but not al-
ways) for the grand canonical ensemble to emerge as the
unique steady state from the Lindbladian dynamics [18].
In the single-particle picture, the state of the system is
described by the one-body density matrix [40]
ρ(k) =
∑
j=±
ωj(k)|µj(k)〉〈µj(k)|, (9)
where |µj(k)〉, j = ±, are the eigenvectors of H(k), i.e.,
H(k)|µj(k)〉 = εj(k)|µj(k)〉, and ωj(k) are the Fermi
weights expressed as ωj(k) = 1/[eβ(εj(k)−µ) + 1].
To arrive at our topological measure, we need to dis-
cuss the geometric phase associated with the path
P : k ∈ [−pi, pi] 7→ ρ(k) (10)
case by case. Here, in the spirit of Zak’s phase [41], the
Bloch quasimomentum k plays the role of t appearing in
Eq. (1). Consider first the case of arbitrary β > 0 and
ε−(k) 6= ε+(k) for all k, i.e., any finite temperature and
non-vanishing bulk gap. Adopting a cyclic gauge, i.e.,
|µj(−pi)〉 = |µj(pi)〉, we have that the Berry phase asso-
ciated with |µj(k)〉 reads γj = i
∫ pi
−pi dk〈µj(k)|∂k|µj(k)〉.
Substituting ωj(k) and |µj(k)〉 into Eq. (5) and using
the equalities ωj(−pi) = ωj(pi) and |µj(−pi)〉 = |µj(pi)〉,
we have
γ[P] = arg[ω−(pi)eiγ− + ω+(pi)eiγ+ ]. (11)
On the other hand, by representing Γ in the form Γ =
n · σ with n a constant vector of unit length, the chiral
symmetry condition ΓH(k)Γ = −H(k) gives n·d(k) = 0.
It follows that d(k) is restricted to the plane perpen-
dicular to n, and dˆ(k) now defines a mapping from
the Brillouin zone into the circle S1. The topology of
such a mapping is characterized by the winding number,
ν = 12pi
∫ pi
−pi dk[dˆ(k) × ∂kdˆ(k)] · n, counting the number
of times that dˆ(k) travels around the origin as k goes
through the Brillouin zone. It is not difficult to see that
the relationship between the Berry phase and the wind-
ing number is γ− = −γ+ = piν up to an integer multiple
of 2pi. Substituting this equality into Eq. (11) and sim-
plifying the resultant equation by using ωj(pi) > 0, we
obtain
γ[P] = arg[cos(piν)]. (12)
Consider next the case of β = 0, i.e., infinite tem-
perature, which is mathematically allowed but not so
physical. Here, the spectrum εj(k) may be gapped or
gapless. In this case, all the ωj(k) in Eq. (9) equals 1/2
and hence P : k ∈ [−pi, pi] 7→ ρ(k) represents a path with
degeneracy. Therefore, we need to find the eigenvectors
|µj(k)〉 of ρ(k) that satisfy Eq. (7). Without loss of gen-
erality, |µj(k)〉 can be chosen as |µ−(k)〉 = (1, 0)t and
|µ+(k)〉 = (0, 1)t. Inserting the two expressions into Eq.
(4) yields
γ[P] = 0. (13)
Finally, for the last case of β > 0 and ε−(k) = ε+(k)
for some k, i.e., an arbitrary finite temperature but with
a gapless spectrum, there may exist gauges |µj(k)〉 such
that 〈µj(−pi)|µj(pi)〉 = 0, j = ± [42]. From Eq. (5),
it follows immediately that γ[P] = arg 0, indicating that
γ[P] is ill-defined in general. Now, combining the three
cases, we obtain the topological measure:
γ[P] = (1− δβ,0) arg[cos(piν)], (14)
which is defined for the case of arbitrary finite temper-
ature but with gapped spectrum or for the case of arbi-
trary spectrum but with the infinite temperature.
It is worth noting that several conditions have been
speculated to be necessary for a functional to be a le-
gitimate topological measure in the setting considered
here [18, 19, 21]. (i) In the limit of zero temperature,
it should reduce to usual topological order parameters,
e.g., the Berry phase. (ii) It should not increase in the
course of increasing temperature, i.e., topological order
cannot be created by temperature. (iii) In the limit of
infinite temperature, it should be zero, i.e., topological
order must be spoiled completely. It can be verified our
measure proposed in Eq. (14) fulfills all the conditions.
Besides, it is also worth comparing the derivation pre-
sented here with that in Ref. [19]. Both the derivation
here and that in Ref. [19] are on the basis of purifica-
tions of mixed states. The purification in Ref. [19] is to
express ρ(t) as ρ(t) = w(t)w†(t), with w(t) being an op-
erator. In contrast, the procedure involved here is given
by Eq. (2), which aims to express ρ(t) as a superposition
of pure states via an auxiliary quantum system. There-
fore, by construction, our topological measure is distinct
from the method proposed in Ref. [19]. As far as we can
see, there is no reason to prefer one kind of purification
of mixed states but abandon the other, which is one of
the motivations of this paper.
Our topological measure is very simple. For any finite
temperature, if ν = 0 then γ[P] = 0; and if ν = 1 then
γ[P] = pi. Only for the limit of infinite temperature
(i.e., β = 0), γ[P] = 0, regardless of whether the zero-
temperature phase is topologically trivial or nontrivial.
Despite the simplicity of our measure, it produces some
interesting implications for the population of mixed edge
states. Before showing this, let us first elaborate on the
topological characterization of two paradigmatic models
using our measure.
Example 1: SSH model.—The Su-Schrieffer-Heeger
(SSH) model describes spin-polarized electrons hopping
on a dimerized chain [43, 44]. In the language of Altland-
Zirnbauer classification [37–39], it belongs to the BDI
class. The Hamiltonian of the model reads
HSSH =
L∑
j=1
(J + α)a†jbj + (J − α)a†jbj−1 + H.c.,(15)
4where aj and bj are the fermionic annihilation operators
acting on the j-th unit cell which hosts two sites, one on
sublattice A and the other on sublattice B. J + α ≥ 0
and J − α ≥ 0 denote the intracell and intercell hop-
ping amplitudes, respectively, with α characterizing the
imbalance between them. Hereafter, we set J = 1. It
is known that ν = 1 for α < 0 and ν = 0 for α > 0.
From this, it follows that γ[P] = pi for α < 0 and β > 0,
corresponding to the topologically non-trivial region, and
γ[P] = 0 for α > 0 and β > 0 or β = 0, corresponding to
the topologically trivial region.
Example 2: Creutz ladder.—The Creutz ladder (CL)
model describes spin-polarized electrons moving in a lad-
der system [45, 46]. It belongs to the AIII class. The
Hamiltonian of the model reads
HCL =−
L∑
j=1
[K(e−iθa†j+1aj + e
iθb†j+1bj)
+K(b†j+1aj + a
†
j+1bj) +Ma
†
jbj + H.c.], (16)
where aj and bj are the fermionic annihilation operators
acting on the j-th sites of the upper and lower chain,
respectively. The hopping along horizontal and diagonal
links is described by the parameter K, and the vertical
one by M . Additionally, a magnetic flux θ ∈ [−pi/2, pi/2]
is induced by a perpendicular magnetic field. Hereafter,
we set K = 1, θ = pi/2, and redefine a new parameter
α := −1 + M2K . It is known that ν = 1 for α < 0 and
ν = 0 for α > 0. From this, it follows that γ[P] = pi
for α < 0 and β > 0, corresponding to the topologically
non-trivial region, and γ[P] = 0 for α > 0 and β > 0 or
β = 0, corresponding to the topologically trivial region.
A remarkable manifestation of nontrivial bulk topology
is the emergence of edge states. For zero-temperature
cases this is known as the bulk-boundary correspon-
dence. Can this physical picture carry over to cases with
non-zero temperature? After introducing our topological
measure, it is natural to examine the equilibrium pro-
files of edge states associated with topologically distinct
regions identified by the measure.
To answer the above question, we need a figure of merit
to characterize the distinguishability between mixed edge
states and bulk states. Such a figure of merit should be a
function of the system parameters and the temperature.
For the models considered throughout this paper, one key
system parameter is α for both models albeit carrying
different meanings, and for this reason we shall denote
the figure of merit as Λ(α, β). Let us assume that Λ(α, β)
is defined as
Λ(α, β) := |〈N edge〉ρ − 〈Nbulk〉ρ|, (17)
leaving the discussion on alternative definition for Λ(α, β)
to the end of this paper. Here, 〈O〉ρ = Tr(Oρ) stands for
expectation values of observables O, and ρ is again the
grand canonical ensemble, i.e., ρ = 1Z e
−β(H−µN), with H
being any one of the Hamiltonians in Eqs. (15) and (16)
under open boundary conditions. The two observables
in Eq. (17) are defined as N edge :=
∑
i∈Ie Ni/|Ie| and
Nbulk :=
∑
i∈Ib Ni/|Ib|, where Ni is the particle num-
ber operator, and Ie and Ib denote the index sets for the
edge and bulk, respectively. For the SSH model, Ie is
comprised of the site of the first unit cell on sublattice
A and that of the last unit cell on sublattice B, while
for the CL model, Ie is comprised of the first sites of
the upper and lower chain and the last sites of the up-
per and lower chain. Ib is the complementary set of Ie.
The two expectation values 〈N edge〉ρ and 〈Nbulk〉ρ by
their very nature represent the average particle occupa-
tion numbers in the edge and bulk, respectively. Roughly
speaking, a non-negligible value of the figure of merit im-
plies that the average particle occupation number in the
edge is distinguishable from that in the bulk. This indi-
cates the presence of mixed edge states. By contrast, a
negligible value of our figure of merit represents that the
average particle occupation number in the edge is barely
distinguishable from that in the bulk, thus indicating the
absence of mixed edge states.
With the figure of merit in Eq. (17), we now study the
profiles of edge states of the two models, with respect to
different topological regions identified by our measure.
Henceforth, we set the chemical potential µ = 0.1 with-
out loss of generality.
Consider first the SSH model. For the flat-band case,
i.e., α = ±1, we analytically calculate the figure of merit
in Eq. (17). After some algebra, it is found that
Λ(−1, β) = 1
e−βµ + 1
−1
2
[
1
e−β(µ−2) + 1
+
1
e−β(µ+2)+1
]
,
(18)
with (α, β) = (−1, β) belonging to the topologically non-
trivial region for β > 0 and the topologically trivial region
for β = 0, and
Λ(1, β) = 0, (19)
with (α, β) = (1, β) belonging to the topologically trivial
region for all β ≥ 0. Note that Λ(α, β) > 0 indicates
the presence of edge states while Λ(α, β) = 0 implies the
absence of edge states, and also note that Λ(−1, β) > 0
when β > 0 and Λ(−1, β) = 0 when β = 0. From Eqs.
(18) and (19), it follows immediately that edge states
are present in the topologically non-trivial region while
absent in the topologically trivial region.
For the general case, analytical solutions may be diffi-
cult to obtain and we resort to numerical computation.
Figure 1 shows Λ(α, β) for the parameters given in the
figure caption. According to whether the value of Λ(α, β)
is negligible or not, we can divide the domain of Λ(α, β)
into two regions. As can be seen in Fig. 1, the region
associated with negligible values of Λ(α, β), referred to as
the negligible region for convenience, is α > 0 and β > 0
or β = 0, and the region associated with non-negligible
values of Λ(α, β), referred to as the non-negligible region,
is α < 0 and β > 0. The negligible and non-negligible re-
gions are identical with the topologically trivial and non-
trivial regions identified by our measure, respectively.
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FIG. 1. Figure of merit for the SSH model. Parameters used
are: L = 100, J = 1, and µ = 0.1.
Note that non-negligible (negligible) values of the figure
of merit indicate the presence (absence) of edge states. It
implies that edge states are present in the topologically
non-trivial region while absent in the topologically triv-
ial region for the SSH model. The results here strongly
support our use of the figure of merit and the physical
relevance of our topological characterization.
Consider now the CL model. For the flat-band case,
we obtain the same analytical result as that of the SSH
model. For the general case, we resort to numerical com-
putation. The numerical result is shown in Fig. 2, for
the parameters given in the figure caption. Again, we
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FIG. 2. Figure of merit for the CL model. Parameters used
are: L = 100, K = 1, and µ = 0.1.
divide the domain of Λ(α, β) into two regions, according
to whether the value of Λ(α, β) is negligible or not. From
Fig. 2, we deduce that the negligible region is α > 0 and
β > 0 or β = 0, being identical with the topologically
trivial region, and the non-negligible region is α < 0 and
β > 0, being identical with the topologically non-trivial
region. It indicates that edge states are present in the
topologically non-trivial region while absent in the topo-
logically trivial region for the CL model, too.
Besides, we have numerically examined the robustness
of edge states by adding disorder to the Hamiltonians in
Eqs. (15) and (16). The numerical results show that the
presence of edge states is insensitive to moderate disor-
der.
Before concluding, we discuss briefly some aspects of
alternative definition of the figure of merit. In the forego-
ing paragraphs, we have adopted, perhaps, the simplest
definition for Λ(α, β). To characterize the distinguisha-
bility between mixed edge and bulk states, one may al-
ternatively adopt the following definition:
Λ(α, β) := min
i∈Ie;j∈Ib
|〈Ni〉ρ − 〈Nj〉ρ|, (20)
representing the distance between the occupation num-
bers of electrons in the edge and those in the bulk. It
can be shown that the negligible and non-negligible re-
gions with Eq. (20) are in agreement with the correspond-
ing ones with Eq. (17), respectively (for the details, see
Appendix). As an immediate consequence, our state-
ments on the bulk-boundary correspondence in the pre-
vious paragraphs hold true for the alternative definition
in Eq. (20), too.
In conclusion, we have suggested an alternative and
simple measure for characterizing symmetry-protected
topological phases in 1D open chiral fermionic systems.
It places the temperature under equal footing with
other system parameters, thus extending the notion of
topological phases from zero-temperature to nonzero-
temperature cases. As examples of its application, we
have used our method to identify the bulk topology of
two paradigmatic models of topological matter.
In revealing the physical implication of our simple
topological characterization, we have introduced two fig-
ures of merit, which indicate the presence of mixed edge
states when its value is non-negligible. With them we
have shown that mixed edge states are present in the
topologically non-trivial region while absent in the topo-
logically trivial region for the two models. We hence
conclude that bulk-edge correspondence does hold under
our measure, at arbitrary finite temperatures.
Interestingly, in contrast to the Uhlmann construc-
tion [19], for which topological properties cannot survive
above a certain critical temperature, we find that topo-
logical properties in the sense of our measure can persist
at any finite temperature but disappear in the limit of
infinite temperature. Moreover, with our measure the
bulk-edge correspondence still holds, whereas it does not
exist using the topological invariants under the Uhlmann
construction. Our findings are in agreement with the
observation made for quasi-local dissipative dynamics in
6Refs. [17, 47], where a topological invariant was formu-
lated in terms of chirally symmetric density matrices and
a dissipative bulk-edge correspondence was established.
Finally, we would like to point out that our measure may
be experimentally measured with a NMR quantum sim-
ulator [48].
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APPENDIX
In this Appendix, we identify the negligible and non-
negligible regions of the SSH model and the CL model,
with the aid of the alternative definition in Eq. (20). For
the SSH model, the numerical result is shown in Fig. 3.
As can be seen in Fig. 3, the negligible region is α > 0
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FIG. 3. Figure of merit for the SSH model with the alternative
expression in Eq. (20). Parameters used are: L = 100, J = 1,
and µ = 0.1.
and β > 0 or β = 0, and the non- negligible region is
α < 0 and β > 0. For the CL model, the numerical
result is shown in Fig. 4. As can be seen in Fig. 4, the
negligible region is α > 0 and β > 0 or β = 0, and the
non-negligible region is α < 0 and β > 0.
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FIG. 4. Figure of merit for the CL model with the alternative
expression in Eq. (20). Parameters used are: L = 100, K = 1,
and µ = 0.1.
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